Detecting the Figure Rotation of Dark Matter Halos with Tidal Streams by Valluri, Monica et al.
Draft version September 22, 2020
Typeset using LATEX default style in AASTeX63
Detecting the Figure Rotation of Dark Matter Halos with Tidal Streams
Monica Valluri,1 Adrian M. Price-Whelan,2 and Sarah J. Snyder1
1Department of Astronomy, University of Michigan, 1085 S. University Ave., Ann Arbor, MI 48109, USA
2Center for Computational Astrophysics, Flatiron Institute, 162 Fifth Ave, New York, NY 10010, USA
(Dated: September 22, 2020; Received xxx, 2020; Revised xxx, 2020; Accepted xxx, 2020)
ABSTRACT
The dark matter halos that surround Milky Way-like galaxies in cosmological simulations are, to first
order, triaxial. Nearly 30 years ago it was predicted that such triaxial dark matter halos should exhibit
steady figure rotation or tumbling motions for durations of several gigayears. The angular frequency
of figure rotation predicted by cosmological simulations is described by a log-normal distribution of
pattern speed Ωp with a median value 0.15h km s
−1 kpc−1 (∼ 0.15h rad Gyr−1 ∼ 9◦ hGyr−1) and a
width of 0.83 km s−1 kpc−1. These pattern speeds are so small that they have generally been considered
both unimportant and undetectable. In this work we show that even extremely slow figure rotation can
significantly alter the structure of extended stellar streams produced by the tidal disruption of satellites
in the Milky Way halo. We simulate the behavior of a Sagittarius-like polar tidal stream in triaxial
dark matter halos with different shapes, when the halos are rotated about the three principal axes. For
pattern speeds typical of cosmological halos we demonstrate, for the first time, that a Sagittarius-like
tidal stream would be altered to a degree that is detectable even with current observations. This
discovery will potentially allow for a future measurement of figure rotation of the Milky Way’s dark
halo, and perhaps enabling the first evidence of this relatively unexplored prediction of ΛCDM.
Keywords: stars: kinematics and dynamics, Galaxy: kinematics and dynamics; Galaxy: fundamental
parameters; Galaxy: halo; Galaxy: formation; Galaxy: evolution; (Cosmology): dark
matter; Methods: numerical
1. INTRODUCTION
The Milky Way (MW) is an important laboratory for dark matter (DM) science. A robust prediction of cosmological
simulations containing collisionless DM (and no baryons) is that halos are triaxial (with short/long axis ratio ∼ 0.6
and intermediate/long axis ratio ∼ 0.8), with axis ratios that are almost independent of radius (Dubinski & Carlberg
1991; Jing & Suto 2000). The dissipative collapse of cold baryonic gas and the formation of stellar disks alter halo
shapes making them oblate or nearly spherical within the inner one-third of the virial radius, but allowing them to
remain triaxial at intermediate radii and prolate at large radii (Kazantzidis et al. 2004; Debattista et al. 2008a; Zemp
et al. 2012). Cosmological simulations with Warm Dark Matter (WDM, sterile neutrinos, Bose et al. 2016) and
Self Interacting Dark Matter (SIDM) (Peter et al. 2013) also predict triaxial DM halos, although there are small but
quantifiable differences in the radial variation in axis ratios and the degree of triaxiality.
Since triaxial DM halos form via hierarchical mergers they generally have angular momentum, primarily due to
the relative orbital angular momentum of the progenitor halos involved in the merger, but also due to the internal
streaming motions within the halos. Since DM halos are triaxial, this angular momentum can manifest either as
streaming motions of individual particles or as tumbling (figure rotation) of the entire triaxial halo, or both. ΛCDM
cosmological N -body simulations predict that ∼90% of dark matter halos are significantly triaxial and have measurable
figure rotation (Dubinski 1992; Bailin & Steinmetz 2004; Bryan & Cress 2007). The pattern speed (Ωp) of figure rotation
for halos from dark matter-only simulations follows a log normal distribution centered on 0.148h km s−1 kpc−1 with
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a width of 0.831. Bailin & Steinmetz (2004, hereafter BS04) find that the axis about which the figure rotates aligns
fairly well with the halo minor axis in 85% of the halos and with the major axis in the remaining 15% of the halos.
The study by Bryan & Cress (2007) found that only small fraction of halos (5/222) showed coherent rotation over
5 Gyr but when rotation was measured over 1 Gyr most halos showed figure rotation with log normal distributed
pattern speeds, with median and width similar to those found by (BS04). Since rotation is induced by torques from
companions, the duration of steady rotation is expected to depend on the interaction and merger history of a galaxy.
BS04 also found that for CDM halos Ωp is correlated with the cosmological halo spin parameter
2 λ (Peebles 1969),
but is independent of halo mass.
Valluri, Hofer et al. (in prep) have measured the pattern speed of figure rotation of DM within 100 kpc of the
center of disk galaxies in the Illustris suite of simulations (Vogelsberger et al. 2014). They find that most halos shows
steady (coherent) figure rotation with Ωp ∼ 0.15− 0.6 km s−1 kpc−1 ∼ 9◦ − 35◦Gyr−1 over durations of ∼ 3− 4 Gyr.
Steady figure rotation for DM halos with baryons was not necessarily expected. Unlike DM-only simulations where
the halos are strongly triaxial with nearly constant axis ratios as a function of radius, DM halos in simulations with
baryons have radially varying shapes: oblate at small radii, triaxial at intermediate radii and prolate at large radii
(Kazantzidis et al. 2004; Debattista et al. 2008b; Zemp et al. 2012). In addition the presence of a dissipative baryonic
component, which (in disk galaxies) is demonstrably rotating, is expected to absorb much of the angular momentum
from hierarchical mergers. We are unaware of any works that measure the pattern speeds of figure rotation of DM halos
in WDM or SIDM cosmological simulations (with or without baryons). However, since halos in these simulations are
triaxial (Bose et al. 2016; Peter et al. 2013) and have halo spin parameters λ comparable to their CDM counterparts it
is reasonable to expect them to also have figure rotation (although future studies are need to measure the distribution
of their pattern speeds).
Despite having been predicted over 15 years ago, few methods to measure the figure rotation of DM halos have been
proposed, and it has never been measured. Figure rotation was suggested as a mechanism to explain the “anomalous
dust lanes” in triaxial elliptical galaxies (van Albada et al. 1982). It was also suggested as a possible mechanism
for driving spiral structure and warps in extremely extended HI disks. For instance the HI disk of NGC 2915 is 30
times larger than its optical disk and shows a strong bisymmetric spiral feature seen only in the HI. Since this galaxy
has no nearby companions that could have triggered the spiral features (Bureau et al. 1999; Dubinski & Chakrabarty
2009; Chakrabarty & Dubinski 2011), it was proposed that the spiral was triggered by figure rotation of the DM
halo. However simulations show that in order for figure rotation to account for the observed features of NGC 2915,
the DM halo would have to have a pattern speed Ωp ∼ 4 − 8 km s−1 kpc−1, 25-50 times larger than median value
predicted by cosmological simulations (Bekki & Freeman 2002; Masset & Bureau 2003). These simulations also showed
that production of a spiral feature also required the rotation axis of the halo to be significantly misaligned with the
disk. These extreme requirements make it unlikely that halo figure rotation has triggered the spiral structure in the
extended HI disk in NGC 2915. While it is still unclear how the extended spiral structure in the HI disk of NGC 2915
is generated, it cannot be the result of figure rotation of the dark matter halo.
To our knowledge, no method for measuring extremely small figure rotation of a dark matter halo has ever been
proposed. In this work we propose the first plausible method for measuring figure rotation of the MW halo that can be
tested with current and future Gaia data. A definitive measurement of coherent figure rotation of the DM halo of the
MW and/or other galaxies would be strong evidence of the particle nature of dark matter. In alternative theories such
as MOND (Milgrom 1983, 2019), dark matter does not exist, rather it is a modification in either gravity or Newton’s
second law at low acceleration scales, that mimics a dark component in galaxies. In MOND (and most other similar
theories) it is only the baryons that produce the gravitational force. An unambiguous measurement of halo figure
rotation would, therefore, be a validation of dark matter models. In a potential theory like MOND, a disk galaxy like
the MW cannot produce a triaxial potential that rotates independently of the disk potential. While the MW does
have a triaxial central bar of scale length ∼ 3 − 5 kpc that comprises nearly 2/3rd the total stellar mass of the disk,
its pattern speed, Ωp ∼ 40− 50 km s−1 kpc−1 (Bland-Hawthorn & Gerhard 2016) is about 300 times larger than the
pattern speeds predicted for DM halos.
In the past decade numerous coherent tidal streams have been detected in the Milky Way halo. Since tidal streams
consist of a large number of stars on similar orbits they are excellent tracers of the gravitational potential of the Galaxy
1 Ωp = 0.148h km s
−1 kpc−1 = 0.11 km s−1 kpc−1 = 6.3◦Gyr−1 = 22.6µarcsec yr−1; 1 km s−1 kpc−1 ' 1radGyr−1.
2 The halo spin parameter λ = J |E|1/2G−1M−5/2 where J, |E| and M are the angular momentum, total energy and total mass of the halo.
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(Johnston et al. 1999). Since figure rotation induces an additional “centrifugal potential” (Binney & Tremaine 2008,
herafter BT) it alters both the trajectory of a satellite and the morphology and kinematics of its tidal stream. In
principal, therefore, streams should be sensitive to figure rotation. The Sagittarius tidal stream (here after Sgr stream)
(Mateo et al. 1996, 1998; Majewski et al. 2003, 2004; Carlin et al. 2011) is the most prominent, coherent known stream
in the MW halo, and indeed in the local universe. It has been used by numerous authors to probe the MW potential
and is considered a prototype of the dynamical tidally-induced evolution of satellites (for a review see Law & Majewski
2016).
The effects of figure rotation are most easily seen in its effects on the morphology of orbits. However the orbital
periods of halo stars are so long that individual orbits and the effects of halo figure rotation on them are unobservable.
Tidal streams are good proxies for the orbits of their progenitors and are frequently used to determine the properties
of dark matter halos, such as their shapes (Johnston et al. 1999; Eyre & Binney 2009). If the halo of the MW is
triaxial and it does rotate, the Sgr stream with a pericenter radius of 20 kpc and an apocenter radius of 100 kpc from
the Galactic center (Belokurov et al. 2014; Hernitschek et al. 2017) extending over ∼ 500◦ on the sky is likely to be an
ideal probe of figure rotation. In this paper we explore how the rotation of a triaxial dark matter halo would alter the
structure of a Sgr-like tidal stream. We do not attempt to either constrain the pattern speed of figure rotation, or other
parameters of the Galactic potential. We simply describe the nature of the pseudo forces (Coriolis and centrifugal)
resulting from figure rotation about three different axes would alter such a stream and illustrate how figure rotation
would alter the stream.
At present there is no consensus on the shape of the MW’s dark matter halo. Despite two decades of effort to model
the spatial and velocity distributions of stars in the Sgr stream to determine the shape of the halo (Johnston et al.
1999; Helmi 2004; Johnston et al. 2005; Law & Majewski 2010; Deg & Widrow 2013; Carlin et al. 2012; Dierickx &
Loeb 2017a,b; Fardal et al. 2019), current results range from oblate to prolate to spherical and triaxial. No model
satisfactorily reproduces all the observed features of the Sgr stream such as the large ratio of the trailing apocenter
radius (∼ 100 kpc) to the leading apocenter distance (∼ 50 kpc), the relatively small angle of 95◦ between the leading
and trailing apocenters (Belokurov et al. 2014), and the “bifurcations” in the Sgr stream (Fellhauer et al. 2006;
Pen˜arrubia et al. 2010; Koposov et al. 2012; Slater et al. 2013). Although the model of Law & Majewski (2010) does
very well to describe pre-2014 data (also see Deg & Widrow 2013), it requires an oblate-triaxial halo with the disk
perpendicular to the intermediate axis of the halo, an orientation that is violently unstable (Debattista et al. 2013).
To match the angle between the leading and trailing apocenters a halo with a shallow central radial density profile
with an extended flat core, not predicted by cosmological simulations, is needed (Belokurov et al. 2014; Fardal et al.
2019). In addition it has been shown that the LMC may significantly perturb the stream (Vera-Ciro & Helmi 2013;
Gomez et al. 2015) and alter the DM distribution of the halo by producing a wake (Garavito-Camargo et al. 2019).
The effects of figure rotation on the orbit of a progenitor depend strongly on the shape of the DM halo. Since this is
uncertain we simply adopt four plausible models with disk, bulge, and halo mass distributions motivated by previous
work.
We explore a small range of pattern speeds and use an evolution time tev for the Sgr-stream of 4 Gyr. This is
larger than tev ∼ 2.3− 2.9 Gyr preferred by other authors (Fardal et al. 2019; Vasiliev & Belokurov 2020), but short
enough that it is reasonable to assume that the halo has maintained a constant pattern speed over this timescale.
Although some authors (Laporte et al. 2018) claim, based on dynamical features in the Milky Way’s stellar disk, that
the Sgr stream has been evolving for at least 6 Gyr, we do not consider such a long timescale since it is unlikely that
DM halos maintain coherent pattern speeds for such a long duration. In reality the progenitor of Sgr was probably
at least 5 × 1010Mand its initial infall probably started ∼10 Gyr ago from a much larger initial distance (Jiang &
Binney 2000; Gibbons et al. 2017). Our experiments with 1.5 Gyr < tev < 8 Gyr show that for the progenitor mass
selected here tev . 3 Gyr do not produce streams that are long enough to match the observations. We also found
that tev & 6 Gyr in the rotating potential result in tidal streams that are more stronger perturbed (less coherent)
than streams in stationary potentials evolved over the same duration. We believe this is due to the fact that orbits in
rotating potentials are on average more likely to be chaotic than in stationary potentials (Deibel et al. 2011) and it is
this increased chaoticity that results in less coherent streams (Price-Whelan et al. 2016). For these reasons we limit
our study to tev = 4 Gyr.
The objectives of this paper are (a) to demonstrate that figure rotation of a (moderately) triaxial halo can demon-
strably alter the morphology and kinematics of a tidal stream in ways that are already measurable with existing data,
(b) to highlight the features that would be most likely to distinguish a rotating halo from a static one.
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In Section 2 we describe the set up of our test-particle simulations. In Section 3 we describe some general principles
governing the behavior of orbits and tidal streams in triaxial halos subjected to figure rotation. We also show that
the magnitude of the Coriolis force on a Sgr-like stream is a significant fraction of the gravitational force even for a
small pattern speed. In Section 4 we present our simulations of Sgr-like streams and make some comparisons with
observations. In Section 5 we summarize our results and discuss the implications of this work and future directions.
2. SIMULATIONS AND NUMERICAL METHODS
We use the Gala package (Price-Whelan 2017; Price-Whelan et al. 2019) to simulate tidal streams in Milky Way
like potentials. Streams are generated by simulating the orbital evolution of stars once they have been tidally stripped
from the progenitor satellite. We use the “particle-spray” stream generation method (Fardal et al. 2015) that assumes
that stars are lost from the L1 and L2 Lagrange points of the progenitor at a uniform rate (e.g., Ku¨pper et al. 2012).
Once stars escape from the progenitor they experience the gravitational potential of both the progenitor the Galaxy.
In the current work we do not consider the effects of dynamical friction from the DM halo on the progenitor, even
though the Sgr dwarf progenitor was probably massive enough to experience significant dynamical friction (e.g., Fardal
et al. 2019). The “particle-spray” method used produces stream stars drawn from initial distribution function that
depends on the potential of the progenitor and therefore more massive satellites produce dynamically hotter streams.
While they are not as accurate as N-body simulations, the advantage of test particle simulation is that they allow for
a rapid exploration of the parameter space (e.g. Galactic potential parameters, halo shape, pattern speed and axis of
figure rotation).
We use a galactocentric coordinate system that is right handed with the x-axis coincident with the Galactic X-axis,
y-axis parallel to the direction of the velocity of the LSR (parallel to the Galactic Y -axis) and z-axis perpendicular
to the disk plane with the sun located at located at (−8.122, 0, 0.0208) kpc (the default Galactocentric parameters
in Astropy v4.0). The Sgr dwarf progenitor has a mass of 6 × 108M (Law & Majewski 2010), which is lower than
some recent estimates (1010 − 1011M, Laporte et al. 2018). The progenitor potential is modeled as a spherical
Plummer model with a core radius of 0.65 kpc and does not include a separate dark matter component. This is
a lower progenitor mass than recent estimates (5 × 1010M) but since the mass of the progenitor does not change
with time in “particle-spray” models, it produces streams with a somewhat closer visual appearance to the observed
stream. For most of our models we use the present day phase-space coordinates for the Sgr dwarf obtained with
GaiaDR2 Gaia (Gaia Collaboration et al. 2018; Vasiliev & Belokurov 2020) (x = 17.2 kpc, y = 2.5 kpc, z = −6.4 kpc,
vx = 237.9 km s
−1, vy = −24.3 km s−1, vz = 209.0 km s−1). Starting at this position we evolved the orbit backwards
in time for 4 Gyrs to determine the initial position and velocity of the progenitor.
All of our Milky Way models use a composite halo+disk+bulge potential. We use three different halo shapes
with a, b, c defined as the semi-axis lengths of the density (not potential) model along the Galactocentric x, y, z axes
respectively (in this work a, b, c are not aligned with the long, intermediate and short axes of the halo, since these
change from model to model).
The first Galactic model considered is the one found by Law & Majewski (2010) (referred to hereafter as the LM10
model)3. This model has a logarithmic halo potential with rotation velocity set such that the total circular velocity
vc = 220 km s
−1 at 8 kpc and semi-axis lengths (relative to the longest axis) of density profile of a = 0.44, b = 1, c = 0.97.
The LM10 model has a Miyamoto-Nagai disk (Miyamoto & Nagai 1975) with mass Mdisk = 1× 1011M, radial scale
length of 6.5 kpc, and and vertical scale length of 0.26 kpc. It contains a spherical Hernquist bulge with mass
Mb = 3.4× 1010M and radial scale length 0.7 kpc resulting in a somewhat deeper potential than in the other three
models. The deeper potential results in simulations that are unable to produce a trailing stream with apocenter radius
of ∼ 100kpc as observed by (Belokurov et al. 2014; Hernitschek et al. 2017). Therefore we only use it to illustrate that
the effect of figure rotation in this deeper potential are similar to, but more extreme than the effects in a shallower
potential of a similar shape (the LMm model below).
The other three models have triaxial dark matter halos with radial density profiles of NFW form (Navarro et al.
1996). We use the formulation of (Lee & Suto 2003) to compute the potential from the density profile. The halo is
defined by a circular velocity vc = 162 km s
−1 and a scale radius rs = 28 kpc. The latter is somewhat larger than
predicted by halo mass - concentration relationship for MW mass halos (Dutton & Maccio` 2014), but is consistent with
estimates based on the local escape speed measurements from Gaia (Hattori et al. 2018). It value of rs is significantly
3 The LMPotential in Gala
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smaller than rs = 68 kpc estimated by Fardal et al. (2019). These three models use a Miyamoto-Nagai disk (Miyamoto
& Nagai 1975) with Mdisk = 6× 1010M, a radial scale length of 3 kpc and vertical scale length 0.26 kpc. Instead of a
box-peanut bulge/bar we use a spherical Hernquist bulge (Hernquist 1990) with mass Mb = 6×109M and radial bulge
scale length 0.7 kpc. These values were chosen since they produce streams that give a reasonably good match to many
Sgr stream observations, including the larger apocenter radius of the trailing arm (although all our streams produce a
slightly larger leading apocenter radius than observed, probably because we do not include dynamical friction).
Although simulated triaxial halos in cosmological hydrodynamical simulations have radially varying halo shapes
(Kazantzidis et al. 2004; Debattista et al. 2008b; Zemp et al. 2012), our DM halos have their mass stratified on
concentric ellipsoidal shells of fixed axis length ratios a : b : c. The three models with NFW DM halo density
distributions have the different shapes as described below. The oblate-triaxial model (here after OT model) has axis
scale lengths a = 0.9, b = 1, c = 0.8 (i.e. the long-axis and short axes are along galactocentric y and z axes respectively).
The prolate halo model (hereafter the F19m model, Fardal et al. 2019, modified) is similar to the one found by Fardal
et al. (2019) with a = 0.95, b = 1., c = 1.106 (for the density4) but with an NFW halo parameters (vc, rs), disk and
bulge parameters as given in the paragraph above. The last model is the LMm model (“Law-Majewski modified”)
which has the same axis scale lengths (for the density) as the LM10 model (a = 0.44, b = 1, c = 0.97), but with halo,
disk and bulge parameters as defined in the paragraph above.
The streams were evolved in each of the four models above, both in static halos (Ωp = 0) and rotating halos with
clock-wise and anti-clockwise rotation about each of the three Galactocentric principal axes (x, y, z) with |Ωp| =
0.1, 0.3, 0.6, 0.8, 1.0, 1.4 km s−1 kpc−15. After some initial exploration (not presented) we kept potential parameters,
the duration of evolution, the initial mass and phase space coordinates of the Sgr dwarf fixed to the values stated
above. Our simulations do not include dynamical friction and the mass of the halo/disk does not change with time.
While previous authors (Law & Majewski 2010; Deg & Widrow 2013; Belokurov et al. 2014; Fardal et al. 2019) have
done far more exhaustive searches of parameter space with the goal of constraining the shape of the halo and other
Galactic parameters, we defer such an exploration to the future. In Section 4 we present a limited set of results to
illustrate the broad qualitative effects of halo figure rotation on the properties of the stream.
3. EFFECTS OF FIGURE ROTATION ON ORBITS IN TRIAXIAL HALOS
In this section we briefly describe how the orbit of a Sagittarius-like dwarf satellite and the tidal stream it produces
are altered by steady figure rotation over a duration of 4 Gyr. The effects of figure rotation are most easily seen in
the rotating frame of the halo. While strictly speaking, the Sun should not be regarded as being in the rotating frame
of the dark halo, at the solar position, a pattern speed of 0.15− 0.6 km s−1 kpc−1 (the range of figure rotation values
explored) translates to a velocity of only 1− 5 km s−1, which is smaller than the random velocities of stars in the solar
neighborhood and smaller than the velocity of the sun relative to the LSR. Thus, we assume that the heliocentric view
of the stream is (almost) identical to what it would be in the rotating frame of the dark halo (although it would be
straightforward to make the transformation to a heliocentric frame if necessary).
In a rotating potential, the energy of an orbit is not an integral of motion but the Jacobi integral (EJ) is a conserved
quantity:
EJ =
1
2
|x˙|2 + Φ− 1
2
|Ωp × x|2, (1)
where x and x˙ are three dimensional spatial and velocity vectors, respectively. The equation of motion in the rotation
frame is given by the vector differential equation:
x¨ = −∇Φ− 2Ωp × x˙ + |Ωp|2|x| (2)
where −2Ωp × x˙ is the Coriolis acceleration (hereafter aCo) and |Ωp|2|x| is the centrifugal acceleration (hereafter aCf )
(see § 3.3.2, eq. 3.116 BT). In what follows we refer to the gravitational acceleration as ag. Table 1 gives exact
expressions for the Coriolis and centrifugal accelerations about each of the three principal axes.
Figure 1 shows the ratios of the magnitudes of the Coriolis and centrifugal accelerations to the gravitational accel-
eration: |aCo/ag| (red curve) and |aCf/ag| (blue curve) as a function of galactocentric radius along an orbit. The
orbit shown was evolved in an OT model, with rotation vectors as indicated by labels in each panel. For a Sgr-like
4 Fardal et al. (2019) find their best triaxial NFW potential model has a potential axis lengths of 1: 1.1: 1.15. The density axis lengths we
use give the same axis lengths for the derived potential.
5 Hereafter the pattern frequency will be denoted by a 3-vector (Ωp,x,Ωp,y ,Ωp,z)
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Figure 1. The ratio of the magnitude of |aCf/ag|, and |aCo/ag| along an orbit in a halo potential with pattern speeds
Ωp = (0, 0, 0.3) km s
−1 kpc−1 (left) and Ωp = (0, 0.3, 0) km s−1 kpc−1 (right) (in all plots that follow the labels gives pattern
speed in units of km s−1 kpc−1). While the centrifugal acceleration (blue) is small everywhere (<2% of the gravitational
acceleration) and increases monotonically with radius, the Coriolis acceleration (which depends on orbital velocity) changes
through out the orbit and can be as high as ∼15% of gravitational acceleration.
Table 1. Pseudo forces for a polar Sgr-like orbit in rotating frame
Rotation about z Rotation about x Rotation about y
aCo = iˆ(2Ωpvy)− jˆ(2Ωpvx) = jˆ(2Ωpvz)− kˆ(2Ωpvy) = iˆ(−2Ωpvz) + kˆ(2Ωpvx)
≈ −jˆ(2Ωpvx) [∵ |vy| ≈ 0] ≈ jˆ(2Ωpvz) [∵ |vy| ≈ 0]
aCf = Ω
2
p
√
x2 + y2 = Ω2p
√
y2 + z2 = Ω2p
√
x2 + z2
≈ Ω2p|x| [∵ |y| ≈ 0] ≈ Ω2p|z| [∵ |y| ≈ 0]
stream that lies approximately in the x − z-plane, rotation about the x axis produces pseudo forces of similar mag-
nitude to rotation about the z axis and is not shown. The figures show that aCf (blue curves) is never more than
∼ 2% of ag and changes monotonically with radius. In contrast the Coriolis acceleration, changes continuously, and
non-monotonically along the entire orbit (since the velocity changes along the orbit) and can be as large as ∼ 15% of
the gravitational acceleration along this Sgr-like orbit. Since the Coriolis acceleration is a significant fraction of the
gravitational acceleration even for |Ωp| = 0.3 it should alter an orbit of a Sgr-like dwarf, and possibly also the Sgr tidal
stream.
In the rotating frame the pseudo forces (aCf and aCo) alter the trajectory of an object relative to the trajectory
in a static (non-rotating) potential. We focus here on the effects on orbits in triaxial potentials but note that orbits
in other potentials (e.g. axisymmetric potentials – oblate or prolate – rotating about a axis other than the axis of
symmetry) would also appear modified in the rotating frame relative to orbits in static potentials.
The effects of figure rotation on the main families of orbits in triaxial potentials — box orbits, short axis tubes,
and inner and outer long axis tubes — have been extensively described in previous works (Schwarzschild 1982; Heisler
et al. 1982; de Zeeuw & Merritt 1983; Udry & Pfenniger 1988; Udry 1991; Deibel et al. 2011; Valluri et al. 2016).
However all of these studies have been restricted to the effects of rotation about the short axis of a triaxial potential.
We briefly summarize results that are relevant to the present study.
In triaxial potentials there are two families of tube-like orbits: short axis tubes and long-axis tubes, both of which
are affected by rotation about the short axis. Binney (1981) showed that figure rotation about the short-axis of
a triaxial potential destabilizes loop orbits that circulate retrograde about the rotation axis close to the equatorial
plane, making them unstable to perturbations perpendicular to that plane if they lie in an annular region (called the
“Binney instability strip”). This instability results from a resonant coupling that can cause orbits to become unstable
to oscillations perpendicular to the equatorial plane. Heisler et al. (1982) showed that closed periodic orbits rotating
about the long-axis of the halo are stable to figure rotation but Coriolis forces tip them about the intermediate axis.
Two stable periodic orbit families exist, which rotate clockwise and anti-clockwise about the long-axis. The Coriolis
forces, cause the orbits with positive angular momentum to be tipped clockwise about the intermediate axis while
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Figure 2. Galactocentric Cartesian frame projections of a Sgr-like tidal stream with points colored by Coriolis acceleration
aCoalong different axes as indicated in the color bars, magnitude and axis of pattern speed as shown in legend. Solid (dashed)
black lines show past (future) orbit of the Sgr dwarf whose current position is shown as an orange dot. Position of the sun
shown as yellow star. Top row: left and middle panels show two projections of the stream and orbit for positive rotation, while
right panel shows y − z projection for negative rotation of the same magnitude. Coriolis acceleration along the x axis is nearly
zero everywhere. The middle and left plots show that the sign of rotation affects the tilt of the stream in the y − z plane with
the southern leading arm tilted to negative (positiive) y values due to aCo(x) < 0 ( aCo(x) > 0) for positive (negative) rotation.
Bottom row: left and middle panels show x− z projection of orbit and stream with particles colored by x and z components of
Coriolis force. Right panel shows same projection for negative rotation of the same magnitude.
orbits with negative angular momentum to be tipped anti-clockwise about the intermediate axis. Since these two
periodic orbits “parent” the clockwise and anticlockwise rotating long-axis tube orbit families, the non-period orbits
are similarly tipped about the intermediate axis (Deibel et al. 2011; Valluri et al. 2016).
Schwarzschild (1982) showed that when a triaxial potential is rotated about the short axis, the linear long-axis
orbits acquire prograde rotation about the short axis as a result of the Coriolis force. Since this orbit is the “parent”
of the box orbit family, many such orbits acquire small prograde rotation and also experience “envelope doubling”
(Valluri et al. 2016) which causes some resonant (“boxlet”) and non-resonant box orbits to acquire a small net angular
momentum in the rotating frame (frequently called ‘x1’ orbits in bars). In self-consisent models no tube orbits are
found to circulate around the intermediate axis of a triaxial potential since it has been shown that intermediate axis
tubes are violently unstable (Heiligman & Schwarzschild 1979; Adams et al. 2007).
The Sgr stream is on a polar, tube-like orbit with net angular momentum about an axis approximately lying in
the Galactic equatorial plane (Majewski et al. 2003; Law & Majewski 2016). In the current best fit models for the
Sgr stream (Law & Majewski 2010; Deg & Widrow 2013) the long-axis of the triaxial halo lies about 7◦ away from
the Galactocentric y-axis. The short-axis of the triaxial halo lies roughly along the Galactocentric x-axis (along the
sun-Galactic center line) and the intermediate axis is aligned with Galactocentric z-axis perpendicular to the disk
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plane. This would put the Sgr dwarf on a long-axis tube orbit – a stable orbital configuration. However, since the Sgr
stream has been evolving for less than 10 orbital periods, considerations of orbital stability under halo figure rotation
are likely, at most, to affect the coherence of the stream (Price-Whelan et al. 2016).
BS04 find that 85% of DM halos in cosmological simulations rotate about an axis that is within 25◦ of the minor
axis of the halo, but Bryan & Cress (2007) find that less than half of their halos rotate about the minor axis. These
authors and Valluri, Hofer et al. (in prep) find that recent or ongoing interactions can induce figure rotation over a
short duration of time. The MW is currently undergoing an interaction with the LMC, which if massive enough could
itself have induced halo rotation. As it is beyond the scope of this paper to determine the axis about which the LMC
would induce figure rotation, for the sake of completeness, we consider rotation about each of the three principal axes
of the Galactic potential.
Since the Sgr dwarf and its resultant tidal stream are on an almost planar orbit that lies approximately in the
Galactocentric x− z plane, we can simplify the discussion of the expected effects of figure rotation on the appearance
of the Sgr stream by considering an orbit that lies exactly in the x − z plane in the stationary potential. (For such
an orbit, y ≈ vy ≈ 0.) Table 1 gives explicit equations for the Coriolis and centrifugal accelerations (aCo, aCf ) for
rotation about each of the three principal axes and the approximate expressions for accelerations on an orbit lying in
the x− z plane. The simulations however, compute the exact orbits for the progenitor and stream particles assuming
the current position of the Sgr-dwarf from Gaia DR2 (Gaia Collaboration et al. 2018; Vasiliev & Belokurov 2020).
From Table 1 we see that rotation about the z or x axes gives rise to aCo with non-zero components primarily along
the y axis, while rotation about the y axis gives rise to both x and z components of aCo. The effect of the centrifugal
acceleration aCf = Ω
2
p|x| is to push the stream away from the axis of rotation. Table 1 shows that rotation about the
z (x) axis causes the stream to be pushed outwards to larger |x| (|z|), while rotation about the y axis causes the entire
stream to experience an outward radial centrifugal acceleration whose magnitude is linearly proportional to the distance
from the Galactic center. Since the pattern speeds being considered in this paper are tiny (Ωp = ±0.3 km s−1 kpc−1)
aCf is much smaller than aCo. As will be shown later, these qualitative predictions for a strictly planar orbit are in
general agreement with the behavior seen for the simulated streams, which are not confined to the x− z plane.
Figure 2 shows a stream (dots) and orbit (lines) evolving in the OT model rotating about the z axis (top row) and
y axis (bottom row). The middle and right panels in both rows show the effect of simply changing the sign of figure
rotation. The points in the plots are colored by one component of the Coriolis acceleration (as indicated by the color
bar label). Changing the sign of rotation switches the sign of the Coriolis acceleration, but does not appreciably affect
its magnitude. The solid lines show the past orbit of the progenitor (going back 4 Gyr from z = 0) and the dotted
curve shows the future orbit (which is expected to lie close to the position of the leading tidal arm), the orange dot
shows the current location of the Sgr-dwarf and the yellow star shows the position of the sun.
From Table 1 one sees that rotation about the z (or x) axis results in significant Coriolis forces only along the y axis.
Therefore it primarily causes tilting and warping of the plane of the tidal stream (which is approximately perpendicular
to the galactocentric y axis). The top row, middle panel of Figure 2 shows that the southernmost tip of the stream
experiences a negative aCo(y) and is therefore pushed to negative y values, while changing the sign of figure rotation
(top row, right panel) causes this part of the stream to experience positive aCo(y) and hence it is pushed to positive
y values.
Rotation about the y-axis (bottom row of Fig. 2) results in significant Coriolis forces in both the x direction (left
panel) and z direction (middle, right). These in-plane Coriolis forces have a strong effect on the shape of the orbit of
the progenitor, particularly the angles between the lobes of the rosette and the widths of the lobes. In the bottom
row, the middle (right) panel shows that a positive (negative) aCo(z) pushes the orbit to more positive (negative)
z values. Similarly, the positive (negative) aCo(x) pushes the orbit to more positive (negative) x values. Since the
stream approximately follows the orbit of the progenitor, we expect that if figure rotation causes a change in the shape
of the orbit, it will also affect the morphology of stream.
4. RESULTS
We now present results of simulations designed to study the effects of figure rotation on a Sgr-like stream evolved
for 4 Gyrs in each of the four models described in Section 2. For completeness we discuss rotation about each of the
three principal axes of the Galaxy.
The primary effects of rotation about the z or x axes arise from the Coriolis force in the y direction (see Table 1)
which causes the warping of the northern most and southern most tips of the stream, as previously shown in Figure 2
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(top row middle and right panels). Similar effects are seen in all the models. Figure 3 shows yz-projections of Sgr-like
streams evolved in the OT model (top row), the F19m model (middle row) and the LM10 model (bottom row). The
middle column shows the stream in a static halo for each model while the left and right columns show streams in halos
with pattern speeds as indicated by Ωp. Small dots show simulated stream stars in the leading (green) and trailing
(mauve) arms of the simulated stream. For reference the median positions of RRLyrae stars of the Sgr stream from
PanSTARRS (Hernitschek et al. 2017) are shown for both the leading arm (dark green squares) and trailing arms
(magenta circles). In all three models the stream in the static halo is slightly tilted relative to the z-axis. Although the
effects of rotation are subtle it is clear that clockwise rotation about z (left column) in all three halos causes simulated
stars in the leading (green) arm at negative z values to be shifted towards positive y values while anti clock-wise
rotation (right column) causes the same stars to be pushed towards negative y values. The warping in the plane of the
leading arm is a result of the y-component of the Coriolis force being greatest at the point where the vx is largest. As
expected from Table 1 (first column) the direction of the warping is reversed when the sense of rotation is reversed.
In all the models we see that the planes of the leading and trailing arms become slightly misaligned (especially for
clockwise rotation, see left column). This is because most of the leading arm stars (except for those at the northern
and southern tips) are moving along the z axis and experience no Coriolis acceleration. In contrast, trailing arm stars
(see Fig 6) are moving primarily along the x axis and therefore experience a larger Coriolis acceleration along the y
axis. This is the primary cause of the misalignment of the planes which contain the leading and trailing arms. Thus
it is clear from this figure that figure rotation can result in subtle, but predictable, changes to the morphology of a
Sgr-like stream.
We now examine the effect of figure rotation about each of the three principal axes in the LMm model. As mentioned
previously this model has the same halo shape as the LM10 model, but the masses of the disk and halo are lower,
resulting in a trailing arm that extends to a much larger Galactocentric radius, and therefore gives a better match to
observations of BHB stars (Belokurov et al. 2014) and RR-Lyrae stars from PanSTARRS (Hernitschek et al. 2017) at
the trailing apocenter.
Figure 4 shows yz-projections of the LMm model for clockwise (anti-clockwise) rotation about three different axes
shown in the left (right) columns, with the static model shown in the middle of the bottom row. The top row shows
that rotation about the z axis causes dramatic warping and misalignment of the leading (green) arm and trailing
(mauve) arm of the stream with the direction of the tilting of the leading arm reversing when the sign of rotation
flips. Rotation about the x axis (middle row), which is perpendicular to the plane of the figure, causes fanning of
the northern-most end of the leading arm of the stream, but less misalignment between the leading and trailing arm
planes. Recall that the LMm model has its short axis along this (x) axis. The greatest asymmetry between clockwise
and anti-clockwise rotation is seen in the bottom row which shows rotation about the y axis (long-axis of the LMm and
LM10 halos). It is particularly striking that clockwise rotation (bottom row, left) cause the plane of the trailing arm
to deviate very strongly from that of the leading arm. We speculate that this asymmetry arises because the orbital
angular velocity of the Sgr-dwarf and the stream is opposite to the sense of rotation and hence the stream experiences
an enhanced force perpendicular to the stream plane similar to the “Binney instability”, while for anti-clockwise halo
rotation, the orbit is stable.
Once again we see that the primary signatures of the effect of the Coriolis force on a Sgr-like stream are to warp the
stream and cause more significant misalignment (precession) between the planes containing the leading and trailing
arms of the stream, regardless of the axis of rotation.
Figure 3 (LM10 model, bottom row) and Figure 4 show that figure rotation has the strongest effect on streams
in halos with the shape proposed by Law & Majewski (2010), independent of the other details of the gravitational
potential. Deg & Widrow (2013) confirmed that this halo shape was needed to account for the heliocentric velocities
of stars in the leading arm. For this reason we focus on model LMm for the remainder of this paper. We do not show
results for the LM10 model since the deeper potential results in a trailing arm apocenter distance that is smaller than
observed.
Figure 5 shows the simulated Sgr streams in Figure 3 in a polar plot with Sgr great-circle coordinate (Λ0, Majewski
et al. 2003) in the angular direction and heliocentric distance in the radial direction. The dot-dashed line in each
panel marks the orientation of the Galactic plane. Following Majewski et al. (2003) the angular Sgr stream coordinate
Λ0 increases clockwise from Λ0 = 0 (which marks the position of the Sgr dwarf) and is offset by 13
◦ clockwise from
the Galactic plane (shown by the dot-dashed line). Simulated stream stars (small dots) are colored by their Sgr
coordinate B0, which is the angle in degrees perpendicular to the Sgr great-circle plane defined by B0 = 0. Coloring
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Figure 3. Cartesian (y − z) projection of the stream (small green points: leading arm, small mauve points: trailing arm) for
static models (middle column) or rotating models with pattern speed as indicated, for OT , F19m , LM10 models as indicated
by labels. Observed median positions of Sgr stream RRLyrae from PanSTARRS (Hernitschek et al. 2017) are shown for the
leading arm (green squares) and trailing arm (magenta circles).
the stream by B0 provides a 3D view of how figure rotation alters the warping and misalignment (or precession) in
the planes containing the leading and trailing arms. To further aid comparison with the observed Sgr stream we also
show observed median positions of RRLyrae stars along the leading arm (green squares) and trailing arm (magenta
circles) from PanSTARRS (Hernitschek et al. 2017). This polar plot is close to what would be observed if the stream
was plotted in the x− z plane. As this figure shows, all the simulated streams do a reasonably good job of matching
parts of the observed stream but none of them match the the RR-Lyrae data points precisely. In particular we see
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Figure 4. Cartesian plot in y − z plane for streams in the LMm model rotated about each of the three principle axes: z-axis
(top), x-axis (middle row), y-axis (bottom row). Rotation axes and magnitudes as shown by the labels.
that the LM10 model (bottom row) produces a trailing arm with too small an apocenter, although it does the best
job of matching the leading arm.
In Figure 6, the simulated stream in the LMm model is shown for rotation about each of the three principal axes
z, x, y (from top to bottom) with pattern speeds (left to right) Ωp = −0.3, 0, 0.3 km s−1 kpc−1. The middle panel in
the 2nd row shows 15,050 individual RRLyrae observed with PanSTARRS from the catalog published by Hernitschek
et al. (2017). The observed and simulated stream stars are both shown on polar plots as in Figure 5.
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The heliocentric distance of the apocenter of the leading arm in all the models is greater than the observed apocenter
distance (marked by green squares), most likely because we do not include the effects of dynamical friction from the
Milky Way’s dark matter halo on the Sgr dwarf Fardal et al. (2019).
Nonetheless, the middle panel shows that, like the simulated streams, there are substantial gradients in B0 across the
observed stream stars, with the leading arm lying primarily at negative B0 values and the trailing arm lying primarily
at positive B0, except at trailing apocenter which is at B0 . 0. It is clear (from the colors of the points) that rotation
about the z-axis (top row) causes the plane of the leading arm (225◦ < Λ0 < 315◦, marked by green squares) to be
warped so that stars at the leading apocenter lie at B0 > 0 for negative figure rotation (left column) and B0 > 0 for
positive figure rotation (right column).
None of the simulated streams matches the observed angle between the leading and trailing apocenters. It has
previously been shown that this angle is determined by the radial density profile of the dark matter halo (Belokurov
et al. 2014; Fardal et al. 2019) and that cored dark matter halos with larger scale lengths are needed to produce the
observed angle of ∼ 95◦ between the apocenters. We have kept rs = 28 kpc fixed for all of our models. This value
is larger than expected from ΛCDM simulations for MW mass halos (Dutton & Maccio` 2014; Klypin et al. 2016) but
smaller than the value of rs = 68 kpc determined by Fardal et al. (2019). Therefore, none of our models give the
correct angle between the apocenters. It is however interesting to note from the bottom left panel that this angle can
be altered by figure rotation. While the static model (bottom row, middle) fails to produce streams that match the
observed positions of stars near trailing apocenter (135◦ < Λ0 < 225◦, marked by magenta circles), rotation about
the y axis (bottom row) with Ωp = −0.3 (left column) results in a Coriolis force that push the southern arm of the
stream northwards resulting in a slightly closer match to the observed stream. An examination of Figure 2 (bottom
row, middle) shows that near the trailing apocenter aCo(z) goes from negative to positive for Ωp < 0, implying that
the Coriolis force would lift the stars lying south of the trailing apocenter to more positive z values as we observe.
Clockwise rotation about y also alters the shape of the leading lobe, flattening it and bringing the apocenter to smaller
distances. The colors of the trailing stream stars (bright red) in this panel show that stars at trailing apocenter
and beyond are pushed to negative B0, which is not what is observed for the PanSTARRS RRLyrae (middle panel,
2nd row). While this implies that rotation about the y-axis may not be adequate to change the angle between the
apocenters, it certainly has a strong enough effect that it should be considered in future models, since it could allow
for a halo with less extreme values of rs than found by Fardal et al. (2019).
Figure 7 shows the total proper motion of the stream vs. Λ0 for the observed Sgr stream from Gaia DR2 observations
(Antoja et al. 2020)6 (second row, middle). As before the color bar shows B0 in degrees from the Sgr great-circle plane.
The other panels in Figure 7 show the stream in the LMm model with rotation axes and pattern speed as indicated by
the labels. In this Figure Λ0 is plotted in reverse to match Λ˜0 values plotted by Antoja et al. (2020) (which increase
anticlockwise per standard convention). The color bar shows B0 on the same scale for both simulated Sgr stream and
the observed stream. In each panel the five magenta triangles show the proper motions in five fields from (Sohn et al.
2015, 2016; Fardal et al. 2019) based on Hubble Space Telescope observations.
Two facts are immediately clear. First, the overall sinusoidal shape of the observed total proper motions as a function
of Λ0 along the stream is broadly in agreement with all of the simulated streams (the simulated streams show both wraps
of the stream which are not shown for the observations). Antoja et al. (2020) found similar broad agreement between
the observed proper motions for Sgr stream stars and the N-body simulation from Law & Majewski (2010). Second,
the observed streams show a substantial gradient in B0 along the stream especially in the range −60 > Λ0 > −120,
starting at fairly negative values of B0 (red/oranges at Λ0 ∼ −60) at and increasing to positive values of B0 (blues
at Λ0 ∼ −120). While this precise gradient in B0 is not seen over this stretch of the stream in any of the simulations
shown, it is clear that the static model (bottom row, middle panel) does not show such a gradient and is strictly at
negative B0. Rotation about the z axis causes this part of the stream to lie at strictly positive B0 values (top row,
left) or at strictly negative B0 values (top row, right). Clockwise rotation about the x-axis causes this part of the
steam to show a gradient going from negative B0 to positive B0.
Another feature of the observed stream - B0 < 0 in the region 120 > Λ0 > 10 - not seen in any of the models. In the
static model and in most of the other models this portion of the stream is has B0 ∼ 0 or slightly positive (light blue).
Only anti-clockwise rotation about the z axis (top right) causes the portion of the stream in the region 120 > Λ0 > 70
to shift to negative B0 as seen in the observed stream. While none of the simulated streams shown produce both the
6 These authors only provide what they consider reliable Sgr stream data between −150◦ < Λ0 < 120◦.
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Figure 5. Polar plot for models OT (top row), F19m (middle), LM10 (bottom) with polar angle showing Sgr-coordinate Λ0
clockwise from the current position of the Sgr dwarf (Λ0 = 0), and radial coordinate showing heliocentric distance in kpc.
The stream is shown for clockwise rotation (right), static (middle), anti-clockwise rotation about the z axis. Stream particles
are colored by their angular distance B0 [ degrees] from the Sgr-stream great-circle plane. The Galactic plane is marked by a
dot-dashed line.
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Figure 6. Similar to Fig. 5 for LMm model for rotation about each of the three principle axes: z (top), x (left and right of
2nd row), y (left and right of bottom row. The stream in the static LMm model is shown in the bottom middle panel. The
central panel shows 15050 individual observed RR-Lyrae stars from Hernitschek et al. (2017).
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Figure 7. µtot vs. Λ0, with color bar signifying B0. All panels except middle panel show LMm model with rotation axis and
frequency as indicated by the label. Middle column of 2nd row shows observed Gaia total proper motion as a function of Λ0,
from Table E.1. of Antoja et al. (2020). Λ0 is plotted from positive to negative values to enable easier comparison with Λ˜
(Belokurov et al. 2014). The magenta triangles are HST proper motions (Sohn et al. 2015, 2016).
amplitude and gradient of deviation of the stream from the B0 = 0 great circle plane that is observed, rotation about
each of the three principal axes changes the gradient in B0 over some parts of the stream.
In Figure 8 we show streams in the LMm model for two larger pattern speeds and rotation about the z-axis (panels 1,
2 from left) and y-axis (panels 3, 4). As pattern speed increases we see that the coherence of the stream decreases and
the distortions to the stream increase dramatically. Notice increasing |Ωp| increases the angle between the apocenters
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Figure 8. Effect of changing pattern speed in the LMm model for rotation about z-axis and y-axis. Increasing |Ωp| to
0.6 km s−1 kpc−1or greater produces stronger distortions in the stream.
of the leading and trailing arms in the LMm model increases. Our examination of the other models confirms that in
most cases increasing the pattern speed causes a greater perturbation to the stream regardless of the axis of rotation.
We see that even a pattern speed of |Ωp| = 0.6 produces a significantly larger distortions than |Ωp| = 0.3 (see Fig. 6).
The pattern speeds in this figure are at the high end of the pattern speed distribution expected from cosmological
simulations. Based on the work of Bailin & Steinmetz (2004) we infer that less than 5% of DM halos have such large
pattern speeds. Nonetheless this is further indication that the Sgr stream is a sensitive probes of the sign, axis and
pattern speed of figure rotation, in the range of pattern speeds values predicted by cosmological simulations.
Our study has been restricted to rotation about the three principal axes of four specific halo models. Many other
parameters (such as the mass of the Sgr dwarf progenitor, the evolution time) determine other properties of the stream
but have been held fixed in this study. A future study that allows for rotation about an arbitrary axis and carries out
a systematic search over other model parameters could result in streams that match the observed gradients in B0 as
well as other properties of the stream. We have shown that the morphology of the stream is sensitive to all properties
of figure rotation of the halo: the rotation axis, the magnitude of pattern speed and the sign of rotation. Although
several degeneracies might exist, a comprehensive study of the parameter space should be carried out to determine
whether or not the MW halo exhibits figure rotation, as predicted by cosmological simulations.
5. CONCLUSIONS AND DISCUSSION
It is over 15 years since it was predicted that triaxial dark matter halos should have figure rotation (Bailin &
Steinmetz 2004; Bryan & Cress 2007). The lead author of the current paper (Valluri, Hofer et al. in prep) has
recently confirmed these early predictions, which were based on dark-matter only simulations, with the cosmological
hydrodynamical Illustris simulations (Vogelsberger et al. 2014). The predicted pattern speeds of simulated halos have
a log-normal distribution with median Ωp ∼ 0.15h km s−1 kpc−1 and a width of 0.83 km s−1 kpc−1. These patterns
speeds are so small that they have long been considered both undetectable and unimportant. We show for the first time
that if the dark matter halo of the Milky Way galaxy is triaxial as expected from cosmological simulations (Dubinski
1994; Jing & Suto 2002) and maintains a steady pattern speed over a duration of 3-4 Gyr (as predicted by cosmological
simulations), the rotating gravitational potential will exert a torque on a Sagittarius-like tidal stream which will alter
its morphology and kinematics in ways that should already be detectable with current data.
We do not attempt to model the observed properties of the Sgr stream in this paper, rather we show that rotation
with a pattern speed even as small as |Ωp| = 0.3 km s−1 kpc−1 about any of the three principal axes generates a
Coriolis acceleration that varies between ∼ 2–15% of the gravitational acceleration along the stream (see Fig. 1). The
Coriolis forces in the direction perpendicular to the stream plane (for rotation about any axis) and in the stream plane
for rotation about the y axis result in detectable differences in the progenitor orbit and therefore the morphology and
kinematics of the tidal stream. Our main results are listed below:
• Our simulations suggest that figure rotation of the Milky Way’s dark matter halo would warp the Sagittarius
stream at its northern- and southern-most Galactic positions and produce a misalignment (or relative precession)
between the instantaneous orbital planes of the leading and trailing arms (see Figures 3 and 4).
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• Figure rotation about the galactocentric y axis produces significant Coriolis forces throughout the halo in the
x − z plane (Figure 2), which can change the angle between apocenters of Sagittarius-like orbits even at fixed
radial density profile of the halo. This in turn can result in a change in the angle between the apocenters of the
leading and trailing tidal arms (see the bottom left panel of Figure 6), which suggests that this angle encodes
information both about the density profile of the halo (e.g., Belokurov et al. 2014) and the rotation of the halo.
• The recently observed, sinusoidal form of the total proper motion as a function of Λ0 is qualitatively seen in the
LMm models (as well as other models). However, if the halo has the shape inferred by Law & Majewski (2010),
the observed values and gradient in B0 along the stream (especially for 120
◦ < Λ0 < 20◦) are not produced in
either a static halo or in any of the rotating models.
• Based on our simulations and within the context of the Sagittarius stream, we find that the southernmost portion
of the leading tidal arm will likely provide the strongest constraints on the pattern speed of the halo. This part
of the stream is warped in significantly different ways depending on the sign (and magnitude) of figure rotation
almost independent of the type of potential used. Therefore, mapping the locations (especially B0) of Sgr stream
stars in this region could help to constrain the magnitude of figure rotation of the halo. Unfortunately, as can
be seen in the middle panel of Figure 6, the leading arm of the Sgr stream is difficult to trace after it passes
through the disk plane.
• Pattern speeds of |Ωp| & 0.6 km s−1 kpc−1 can cause severe distortions to the Sgr stream in the potentials we
considered. Although fewer than 5% of DM halos are expected to exhibit pattern speeds as large as this (Bailin
& Steinmetz 2004), it is clear that the observed coherence and morphology of the Sgr stream could be used to
set a realistic upper limit on the pattern speed of figure rotation.
Although we have not shown results for the line-of-sight velocities of stream stars, we found that streams in the
LM10 , LMm and F19m models provide a reasonably good match to the line of sight velocities of the leading arm,
consistent with Law & Majewski (2010) while these line-of-sight velocities in the OT model are much too negative
(as found by previous authors). Line-of-sight velocities of stars in the trailing arm are well fitted by all models (even
though none of our models reproduces the correct angle between apocenters). Our test particle simulations have shown
that figure rotation of the halo has a negligible effect on heliocentric distances of stream stars. An increase in the
heliocentric distance of the stream could be produced by a strong centrifugal acceleration in a rotating halo, but since
this is always much less than the Coriolis acceleration, the latter dominates the behavior of the stream.
While it is not yet well established how halos acquire figure rotation in cosmological simulations, it was found in
early studies (Bailin & Steinmetz 2004; Bryan & Cress 2007) that it frequently arises after a close tidal interaction
with a massive galaxies or satellites. The LMC, is known to be on its first infall towards the Milky Way (Besla et al.
2007, 2010) and is probably massive enough (∼ 1011M) to have moved the center of the Milky Way such that the pair
of galaxies is orbiting their common center of mass (Gomez et al. 2015). This motion of the center of the Milky Way
would also affect the Sgr stream and is not simulated here. However if the Milky Way’s halo is triaxial as determined
by previous models of the Sgr stream (Law & Majewski 2010; Deg & Widrow 2013), a massive satellite like the LMC is
probably capable of inducing figure rotation in the MW halo. A more detailed study of figure rotation in cosmological
simulations is needed to understand exactly how figure rotation is induced and what determines the axis of rotation
and its magnitude and direction.
An alternative method for generating an effective rotation of the halo (relative to our viewpoint in the disk) is if
the disk is currently tilting relative to the Milky Way halo. As shown by Debattista et al. (2013) a halo with shape
determined by (Law & Majewski 2010), which has the intermediate axis of the halo perpendicular to the plane of the
disk would be violently unstable and would result in the disk tilting relative to the halo such that it evolved to an
orientation with the short axis of the halo (currently approximately along the galactocentric x axis) becoming aligned
with the rotation axis of the disk. If this is currently occurring in the Milky Way, it would result in rotation about
the y axis (which causes some of the most significant effects on the Sgr stream). Debattista et al. (2013) showed that
this instability induced tilting of the disk would occur fairly rapidly and estimated a rate of ∼ 20◦Gyr−1 which is
comparable to the values we have considered. Earp et al. (2017) have shown that if the disk of the Milky Way is
tilting, the angular speed of this tilting would be observable with Gaia. They recently showed using state-of-the-art
cosmological hydrodynamical simulations, that the minimum tilting rate of disks is high enough (Earp et al. 2017,
2019) to be detectable with the astrometric precision of the Gaia reference frame (Perryman et al. 2014), which will
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have an end-of-mission accuracy better than 1µ arcsec yr−1 (0.28◦Gyr−1). At the present time, too little is known
about the circumstances giving rise to figure rotation in cosmological halos or the circumstances that would produce
a halo with its intermediate axis in the unstable condition where it is perpendicular to the disk. However, with the
large number of publicly available cosmological hydrodynamical simulations currently available both for ΛCDM and
with other types of DM candidates (WDM, SIDM), these questions can be answered in the near future and can lead
to improved simulations of the Sgr stream.
With the wealth of existing and upcoming data from large photometric and astrometric surveys (Gaia, WFIRST,
LSST), and large spectroscopic surveys (DESI, WEAVE, 4MOST, DESI Collaboration et al. 2016a,b; Dalton et al.
2014; de Jong et al. 2012) it will soon be possible to construct much more accurate models for the Sgr stream, and
potentially to constrain not only the halo shape and density profile but also, for the first time, its pattern speed and
axis of figure rotation.
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